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Computer Science is no more about computers

than astronomy is about telescopes.

— Edsger Dijkstra
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@ “Introduction to the Theory of
Computation”

o 1E&: Michael Sipser

o HhR4t: Cengage Learning

o HEREHA: F2/R2006;
3kR2012

o TIH: E2HR437; SE3hR458

MICHAEL SIPSER
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Automata Theory, Languages and

Computation
o 1£#&: Hopcroft, Motwani, Ullman
o HARAL: MU Tl Hikiit S2ED
o WHRHHA: tHhR2007, F2EN2008
o T1#: 535

Automata Theory,
Languages, and
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@ Automata, Computability, and Complexity
© Mathematical Notions and Terminology
e Definitions, Theorems, and Proofs

@ Types of Proof
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© Automata, Computability, and Complexity
o Complexity Theory
@ Computability Theory
@ Automata Theory
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Automata, Computability, and Complexity

The Theory of Computation T+HIE1

What are the fundamental capabilities and limitations of

computers?
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Computer problems
o Easier: e.g., the sorting problem
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Automata, Computability, and Complexity Complexity Theory

Complexity Theory EZEIE1f

Computer problems
o Easier: e.g., the sorting problem
o Harder: e.g., the scheduling problem
What makes some problems computationally hard and others easy?

@ This is the central question of complexity theory.
@ We don't know the answer to it. (researched for over 40 years!)

o An elegant scheme for classifying problems according to their
computational difficulty (analogous to the periodic table)
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Automata, Computability, and Complexity Complexity Theory

Complexity Theory

Confront a computationally hard problem

© Find which aspect of the problem is at the root of the difficulty.
o Alter it so that the problem is more easily solvable.

@ Settle for less than a perfect solution to the problem.
e Find solutions that only approximate the perfect one is easy.

© Hard only in the worst case situation, but easy most of the time.
o A procedure that occasionally is slow but usually runs quickly.

@ Consider alternative types of computation

e Such as randomized computation.
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Automata, Computability, and Complexity Computability Theory

Computability Theory AJ 1+ E 41812

Certain basic problems cannot be solved by computers!
@ Determine whether a mathematical statement is true or false.

Computability and Complexity are closely related.
@ The objective of complexity theory
o classify problems as easy ones and hard ones

@ The objective of computability theory

o classify problems as solvable ones and unsolvable ones

¢ /
Kurt Gédel (1906-1978) Alan Turing (1912-1954) Alonzo Church (1903-1995)
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Automata, Computability, and Complexity =~ Automata Theory

Automata Theory BEIH LIRS

The definitions and properties of mathematical models of computation!

Models of computation

The theories of computability and complexity require a precise definition of

a computer.
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Automata Theory BEIHIEIL

The definitions and properties of mathematical models of computation!

Models of computation

The theories of computability and complexity require a precise definition of

a computer.

@ Models of computation

o Finite Automaton (BBREBENHL)
o Context-Free Grammar (LTI XKICE)
o Others

Theoretical models of computers help the construction of actual

computers.
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Mathematical Notions and Terminology
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© Mathematical Notions and Terminology
@ Sets
@ Sequences and Tuples
@ Functions and Relations

@ Strings and Languages
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Mathematical Notions and Terminology  Sets

Sets 4

A set is a group of objects represented as a unit.

S =

{7,21,25}

elements or members: the objects in a set. 7 € {7,21,25}
8¢ {7,21,25)

subset: A C B, proper subset: A C B

natural numbers: N, integers Z

empty set: ()

{n | n =m? for some m € N'}

union AU B, intersection AN B, complement A

power set of A = {0,1}: the set of all subsets of A

{0, {0}, {1},{0,1}}.

Yajun Yang (TJU) 0 Introduction
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Mathematical Notions and Terminology ~ Sequences and Tuples

Sequences and Tuples %I F1TTLH

A sequence of objects is a list of these objects in some order. J

(7,21,57)

@ The order and repetition does matter in a sequence.

Finite sequences often are called tuples. )

o k-tuple: a sequence with k elements. (7,21,57) is a 3-tuple.

e ordered pair: a 2-tuple.

e Cartesian product of A and B: Ax B = {(a,b) |a € Aand b € B}.
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Mathematical Notions and Terminology Functions and Relations

Functions R #{

A function is an object that sets up an input—output relationship.

@ In every function, the same input always produces the same output.

@ A function also is called a mapping.

fla) =0

@ domain: the set of possible inputs to the function.

@ range: the set of outputs of a function.
f:D—R

@ onto the range: a function that does use all the elements of the range.
Yajun Yang (TJU)
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Mathematical Notions and Terminology Functions and Relations

Functions

o Let Z,,={0,1,2,...,m — 1}.

09224)(24—)24

w N = O
w N = OO
S W N ==
_ O W NN
N = O W W
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Mathematical Notions and Terminology Functions and Relations

Functions

o Let Z,,={0,1,2,...,m — 1}.

09224)(24—)24

g0 1 2 3
0/0 1 2 3
111 2 3 0
212 3 0 1
313 0 1 2

The function g is the addition function modulo 4.
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Mathematical Notions and Terminology Functions and Relations

Functions

k-ary function: a function with k arguments. k: arity

@ unary function: k = 1.

binary function: k = 2.

predicate or property: a function whose range is { TRUE, FALSE}.
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Mathematical Notions and Terminology Functions and Relations

Relations X %

A relation, a k-ary relation, or a k-ary relation on A is a property whose

domain is a set of k-tuples A x --- x A.
@ binary relation: a 2-ary relation.

o If R is a binary relation, the statement aRb means that aRb =TRUE.

equivalence relation: a binary relation R is an equivalence relation if R

satisfies three conditions:
Q R is reflexive if for every x, zRx

@ R is symmetric if for every x and y, xRy implies yRx

© R is transitive if for every x, y, and z, xRy and yRz implies xRz
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Mathematical Notions and Terminology  Strings and Languages

Alphabets FF& 3R

@ We define an alphabet to be any nonempty finite set.

@ The members of the alphabet are the symbols of the alphabet.

(] 212{0,1}
e ¥y ={a,b,c,d,e,f,g,h,i,j,k,1,mn,0,p,q,T,s,t,u,V,W,X,y,Z}
o I'={0,1,%,y,2}
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Mathematical Notions and Terminology  Strings and Languages

Strings F4F &R

A string over an alphabet is a finite sequence of symbols from that

alphabet.

| A

SENE
@ ¥; ={0,1}, 01001 is a string over ¥

e ¥y ={a,b,c,...,z}, abracadabra is a string over X

o If w is a string over X, the length of w, written |w|, is the number of

symbols that it contains.
@ empty string: the string of length zero, written ¢.

o If |w| =n, then w = ajaz - - - a,, where a; € 3.

o the reverse of w: written w™, is W™ = a,ap_1 - a1
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Mathematical Notions and Terminology  Strings and Languages

Strings

@ substring: String z is a substring of w if z appears consecutively

within w.

@ cad is a substring of abracadabra

@ concatenation of string = and string y, written xy
o |zl =mand |y|=n
o the concatenation of z and yis z1 - - Ty y1 - Yn
o To concatenate a string with itself, use the notation z* to mean

k

—N—
.rx..-x
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Mathematical Notions and Terminology  Strings and Languages

Languages 185

@ The lexicographic order of strings is the same as the familiar
dictionary order.

@ shortlex order or string order is identical to lexicographic order, except
that shorter strings precede longer strings.

o the string order of all strings over {0,1} is
(£,0,1,00,01, 10,11, 000, ...)
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Mathematical Notions and Terminology  Strings and Languages

Languages 185

@ The lexicographic order of strings is the same as the familiar
dictionary order.

@ shortlex order or string order is identical to lexicographic order, except
that shorter strings precede longer strings.

o the string order of all strings over {0,1} is
(£,0,1,00,01, 10,11, 000, ...)

@ String x is a prefix of string y if a string z exists where zz = y.

@ 1z is a proper prefix of y if in addition = # y.

A language is a set of strings.

@ A language is prefix-free if no member is a proper prefix of another

member.
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Mathematical Notions and Terminology  Strings and Languages

BEHEE

Definition (1 & HIIE4%)
WLLRFERERS, ERES, LoRhERRY, ERNES, LifLHiE
FzLy Lot T 202 s

LiLy ={zy |z € L1,y € La}

| A\

Example
-&21 = {a,b}y 22 = {0, 1}5 Ll = {G/b, ba,bb}y L2 - {007 11}; )I_\]U

Ly Ly = {ab00, ab11, ba00, ball, bb00, bb11}
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Mathematical Notions and Terminology  Strings and Languages

BEHEE

Definition (1 5 1 H14)
B S LIMAAICELY, EXWT:

Q L= {c}:

Q@ MFfn>1, L"=LL";

QL= U@O i
ESLIEAAIRRIELT, BXALY =U,s, L™
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Mathematical Notions and Terminology  Strings and Languages

BEHEE

Example (i& & 1 F16)

wE ={0,1}, L=1{10,01}, WL ={e}, L' =L = {10,01}

L? = LL = {1010,1001,0110,0101}, ---,

a—

{e,10,01, 1010, 1001, 0110,0101, 101010, 101001, 100110, 100101, - - - }
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Mathematical Notions and Terminology  Strings and Languages

BEHEE

FERIASHES EHIES.
o XT: HXHFHFMFAEARNEHRFHENES (TEIE)
o X =XTU{e}

%y ={0,1}, M
»* = {¢,0,1,00,01, 10, 11,000,001, 010, 011, 100, 101, 110, 111, - - - }
O — K. —UIRFmE (RFEE ).
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Definitions, Theorems, and Proofs

QOutline

© Definitions, Theorems, and Proofs
@ Finding Proofs
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Definitions, Theorems, and Proofs

Definitions, Theorems, and Proofs X . EIEF01UERB

@ Definitions describe the objects and notions that we use.
o Precision is essential to any mathematical definition.
@ Mathematical statements
o The statement may or may not be true.
@ A proof is a convincing logical argument that a statement is true
e A murder trial demands proof “beyond any reasonable doubt”.
o A mathematician demands proof beyond any doubt.
@ A theorem is a mathematical statement proved true.
e lemmas: statements that assist in the proof of another, more

significant statement.
e corollaries of the theorem: a theorem or its proof may allow us to

conclude easily that other, related statements are true.
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Definitions, Theorems, and Proofs Finding Proofs

Finding Proofs

@ Carefully read the statement you want to prove.

e Do you understand all the notation?
o Rewrite the statement in your own words.

e Break it down and consider each part separately.

Multipart statements

@ Pifandonlyif Qor Piff Qor P < @
(Both P and @ are mathematical statements.)

e P only if Q: If P is true, then @Q is true, written P = @
e Pif Q: If Q is true, then P is true, written P < Q

@ Two sets A and B are equal.

o Ais asubset of Bor AC B
o Bisasubsetof AorBC A

.
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Definitions, Theorems, and Proofs Finding Proofs

Finding Proofs

@ When you want to prove a statement or part thereof, try to get an
intuitive, “gut” feeling of why it should be true.
o Experimenting with examples is especially helpful.
e Try to find a counterexample.

o Seeing where you run into difficulty when you attempt to find a
counterexample

@ When that you have found the proof, you must write it up properly.

o A well-written proof is a sequence of statements,

e each one follows by simple reasoning from previous statements.
o Be patient.
o Come back to it.
o Be neat.

@ Be concise.

v
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Types of Proof

QOutline

@ Types of Proof
@ Proof by Construction
@ Proof by Contradiction
@ Proof by Induction
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Types of Proof ~ Proof by Construction

Proof by Construction #4)3& 4 11EFH

@ Proof by Construction

e Many theorems state that a particular type of object exists.
e Demonstrating how to construct the object.

Definition

We define a graph to be k-regular if every node in the graph has degree k.

For each even number n greater than 2, there exists a 3-regular graph with

n nodes.
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Types of Proof ~ Proof by Construction

Proof by Construction #4)3& 4 11EFH

For each even number n greater than 2, there exists a 3-regular graph with

n nodes.

@ Let n be an even number greater than 2.

e Construct graph G = (V, E) with n nodes as follows.
@ The set of nodes of G is V ={0,1,...,n— 1},

@ and the set of edges of GG is the set

E = {Gii+1)|for0<i<n—2'U{(n—1,0)}
U{(i,i+mn/2)|for0<i<n/2-1}

DJ
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Proof by Contradiction f&iES%

@ Proof by Contradiction

e Assume that the theorem is false.
e and then show that this assumption leads to an obviously false
consequence, called a contradiction.

/2 is irrational.

@ Assume that v/2 is rational. Thus v/2 = %

@ where m and n are integers. If both m and n are divisible by the

same integer greater than 1, divide both by the largest such integer.

@ Doing so doesn’t change the value of the fraction.

]
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Proof by Contradiction f&iES%

/2 is irrational.

@ Assume that /2 is rational. Thus v/2 = %

@ where m and n are integers. If both m and n are divisible by the

same integer greater than 1, divide both by the largest such integer.
@ Doing so doesn't change the value of the fraction.

@ Now, at least one of m and n must be an odd number.

nv2 =m = 2n%2 =m?2 = m?2 is even. = m is even.

o m = 2k for some integer k. = 2n? = 4k? = n? = 2k% = n is even.

Ol
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Proof by Induction VA4

@ Proof by Induction

e An advanced method used to show that all elements of an infinite set
have a specified property.
e Basis: Prove that P(1) is true.
o Induction step: For each ¢ > 1, assume that P(7) is true and use this
assumption to show that P (i + 1) is true.
@ P(i) is true is called the induction hypothesis.
@ A stronger induction hypothesis: P(j) is true for every j < i.

o When we want to prove that P(i + 1) is true, we have already proved
that P(j) is true for every j <.
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Proof by Induction VA4
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)AL LEH9)AME

IERAS AKX, SHEE)TAE LM

Definition

(1) (E BB F B R R RIA S
(2) ﬁnﬁ%Eszmi%iiiﬁ, WE + F, Ex FF(E)B#REER,
(3) kAR HAEET (1), (2)B%k4A Hs
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)AL LEH9)AME

IERAS AKX, SHEE)TAE LM

Definition

(1) (ER TR R Rk s
(2 )ﬁnﬁ%Eszmi%iiiﬁ, ME+F, ExFM(E)HHREKER;
(3) RiAXHAEET(1). Q)WEKLAH.

BBYAE X
o (1)ZIEBAEA, wMAH
o (2)BYVAM, FEEXFZIMFIER
o (3)=HHE, RIERTEHBFBHHMER
RIEQ): 2,3,6,8,2,y, 2 FRFTIEN;
RIEQ): v+3,y+6,8x 2+ 2)FHEERER.
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)AL LEH9)AME

WATEE L FENRAERXFT, EHEFTONK—ZFTEHETONE
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)AL LEH9)AME

Proof.
VAEAL: 2B, FERREBEBEMNFTHFE, REES,

EESMARS I KIAR0, HREF.
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)AL LEH9)AME

Proof.

PIMERL: %B(1), RERREEENKFHFE, REES,
EiESMAES N MR, HAREFE.

FPLRE: WREXBREIT(2)MEL KL, B3IMWETE:
(1) B=E+F; (2 B=ExF; (3)B=(E).
®WRIERE, FEEMAE. GIESHBERF,

B EREmNE. G1ES, FRAEE. GBS,
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)AL LEH9)AME

Proof.

AMERL: REB(1), RERREEENMFTHFE, LHES,

EIESMATFES N HIIA0, HAREE.

AP E: ®RFERBRIE T (Q)MELH R, B3METT:

(1) B=E+F; ()B=ExF; (3)B=(E).

®FRIERE, FEEME. AIESHERFE,

Bi&EHREmANE, GBS, FRENE. GiES.

#£B =FE + FMIB = E« Fit, Bk, GESHIIETm +n;

#B = (E)F, BRE. AESHETm + 1.

E3FIFERAT, MEHMIREXBEENE. GESHBMARESE.
O
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Conclusion

@ Automata, Computability, and
Complexity

@ Mathematical Notions and
Terminology

o Sets
e Sequences and Tuples
e Functions and Relations

e Strings and Languages
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